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Existing approaches to explicit data-driven discovery of nonlinear dynamical systems face a curse of dimen-
sionality because candidate libraries grow combinatorially with system dimension. This challenge is particularly
severe for high-dimensional systems arising from spatially discretized fields and large complex networks.
We develop sparse regression embedded interpretable network (SREINet), a machine-learning framework that
embeds sparse regression in an interpretable neural network and uses a sparsity-promoting periodic pruning
scheme. Across six paradigmatic systems, SREINet accurately identifies velocity fields with more than 100
dimensions and extrapolates coherent structures from untrained data. Head-to-head benchmarks against repre-
sentative equation-discovery and predictive methods on clean and noisy systems show that SREINet combines
scalable computation with accurate, parsimonious equation recovery, particularly in high-dimensional settings.
We further validate the framework using empirical data from a triple-pendulum experiment. These results
demonstrate a practical route toward interpretable model discovery for large-scale nonlinear systems and suggest
that the framework can be extended to systems with thousands of dimensions.
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I. INTRODUCTION

High-dimensional dynamical systems serve as the math-
ematical foundation for describing a vast array of complex
phenomena in science and engineering, ranging from spa-
tiotemporal patterns in fluid turbulence [1] and Bose-Einstein
condensation [2] to collective behaviors in large-scale com-
plex networks [3]. In practice, these systems are often
represented as hundreds or thousands of coupled ordinary
differential equations (ODEs), whether arising from the spa-
tial discretization of continuous fields or from the inherent
coupling of discrete components. The governing equa-
tions generating these complex phenomena have mostly been
derived from first principles (e.g., symmetries and conserva-
tion laws [4]) or are based on empirical/phenomenological
considerations. Situations have become increasingly common
where large amounts of high-dimensional data are collected
through experiments and observations, and it is of interest
to find the underlying governing equations from data. There
are three main data-driven approaches to system modeling
and discovery, which are based, respectively, on symbolic
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regression (SR), sparse optimization, and machine learning.
In spite of the existing approaches, explicit data-driven model
discovery of high-dimensional dynamical systems remains a
formidable challenge, owing not only to their intrinsic high
dimensionality but also to the trade-off between interpretabil-
ity and scalability, as schematically summarized in Fig. 1.

In nonlinear dynamics, the problem of discovering systems
from data was recognized quite early, when an information-
theoretic method was proposed and tested on low-dimensional
chaotic maps [5]. Another early approach focused on the
approximation of a nonlinear system by a set of lin-
ear equations in different regions of the phase space [6].
Other “classical” approaches include those based on chaotic
synchronization [7] and least-squares best approximation
[8]. A relatively recent approach is symbolic regression
[9,10], which aims to identify the best-fit equation for the
input-output relationship of the data by leveraging genetic al-
gorithms [11] to search through an expression space. Usually,
the equations are represented as trees, mathematical operators
as nodes, and constants/variables as leaves. Recently, methods
such as Al-Feynman [12] were introduced to mitigate this
difficulty, where the genetic algorithm is enhanced using a
divide-and-conquer strategy combined with neural networks
(NNs) to identify symmetry, separability, and composability
of the underlying system. Similarly, deep symbolic regression
[13] was developed, which uses reinforcement learning to
expedite the search process. Nevertheless, the applicability
of most SR methods has been predominantly restricted to
small-scale problems with less than ten input variables.

Published by the American Physical Society
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FIG. 1. Schematics of selected equation-discovery methods across input dimension and model interpretability. The dashed line illustrates
the general trade-off where higher-dimensional capability often comes at the cost of interpretability. SREINet (ours) aims to maintain
interpretability in the high-dimensional regime. Circle size reflects the relative model size.

Another approach is sparse optimization [14,15], where
a linear combination of a small number of elementary
mathematical functions is used to generate a parsimonious
representation of the velocity field or map functions of the
system, and the goal is to find the coefficients associated with
these functions through optimization methods. Given that only
a small subset of elementary functions are relevant in the
function library, the number of actual terms or, equivalently,
the number of nonzero coefficients, is small, rendering ef-
fective sparse optimization. The idea was first demonstrated
in 2011 [14] using compressive sensing [16] and the later
work such as SINDy (2016) [17] was based on the same
sparsity assumption. The sparse-optimization approach, by its
name, is most effective for dynamical systems with a sparse
equation structure. However, the approach can struggle for
systems that violate the sparsity condition, such as the Ikeda
or optical-cavity map [18]. Similar to symbolic regression,
sparse optimization also suffers from the curse of dimen-
sionality, where the number of candidate functions grows
combinatorially with the increase of dimensions. Although
recent advances like MANDy [19] reduce memory consump-
tion using tensor decomposition, they still face significant
computational challenges with large data volumes. For these
reasons, many reported sparse-optimization demonstrations
have focused on systems with dozens of dimensions or fewer.

For systems with hundreds of dimensions or more,
machine-learning and related data-driven lifting approaches
have become important routes for implicitly modeling com-
plex dynamical systems. The pioneering work in Ref. [20]
demonstrated the potential of NNs in learning both continuous
and discrete forms of the vector field associated with differ-
ential equations, i.e., the rate functions. Architectures such
as deep neural networks [21], recurrent neural networks [22],
neural ODEs [23], and reservoir computing [24-26] have been
developed for modeling dynamical systems. A recent work

[27] proposed a hybrid approach that integrates autoencoders
and sparse regression to simultaneously discover the nonlinear
mapping and the latent space. Similarly, graph neural net-
works combined with symbolic regression have been used to
extract symbolic models from learned representations, includ-
ing applications to cosmological simulations [28]. Related
lifting approaches based on the Koopman operator [29] offer a
method to linearize the dynamics by lifting the state variables
into an infinite-dimensional Hilbert space. Finite-dimensional
approximations [30] that are computationally tractable can
be achieved through selected basis functions or observables.
While these methods can achieve high predictive accuracy,
their learned representations often depend on black-box archi-
tectures, latent variables, or prescribed observables, making it
difficult to recover the underlying physical laws.

To bridge the gap between scalability of NNs and inter-
pretability of discovered equations, a recent line of work has
focused on developing symbolic/interpretable neural archi-
tectures for data-driven discovery of dynamical systems. For
example, equation learner (EQL) [31] represents symbolic
expressions using an interpretable feedforward network, with
activation functions replaced by atomic operations such as
identity, cos, sin, and x. This representation enables applying
sparse optimization to find the best-fit symbolic expressions,
bypassing expensive searching algorithms. SymbolNet [32]
further advances this direction by introducing a dynamic
pruning scheme for symbolic neural networks, substantially
improving scalability and demonstrating high-dimensional
symbolic learning on benchmark datasets such as MNIST. In
addition, Kolmogorov-Arnold networks (KANs) [33,34], mo-
tivated by the classical Kolmogorov-Arnold theorem [35,36],
have recently been applied to data-driven model discovery
of nonlinear dynamical systems [37]. By representing mul-
tivariate functions through learnable univariate components,
KANSs can yield compact and interpretable models that go
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FIG. 2. Structure of MLP (multilayer perceptron, left) in comparison with the proposed SREINet architecture (right). The MLP passes
outputs sequentially from one layer to the next, while the proposed architecture directly shares input with all the hidden layers. For simplicity,
the activation functions are represented as a constant value of one and the monomial of the input. Each hidden layer generates its output by
multiplying its weight matrix with the activation functions, leading to forward propagation summing all possible combinations of multivariate
monomials up to a depth-equivalent order. The proposed NN architecture is interpretable as the contribution of each weight to the output is

understandable.

beyond the sparsity assumption [37]. However, KANs typ-
ically provide interpretable function approximators rather
than explicit governing equations of the underlying system.
Another recent attempt [38] to use interpretable networks
for equation discovery has shown promise but is limited to
moderate-scale systems due to computational complexity and
training difficulties.

To overcome the scaling barrier, this paper presents
a general machine-learning framework specifically tailored
to high-dimensional dynamical systems, which reduces the
computational cost to (’)(pnzmb), where p is the order of
nonlinearity, n is the dimension of the system, and my, is
minibatch size. This framework can also be extended to sup-
port nonseparable atomic candidate functions, enhancing its
representational capacity. The NN architecture is paired with a
new sparsity-promoting pruning scheme based on an S-shaped
periodic schedule that scales the method to systems with
hundreds of dimensions, a regime previously unattainable. We
establish the theoretical foundation of this network by proving
that any arbitrary function expressible as a linear combination
of separable multivariate functions can be exactly repre-
sented by this network. We name the framework SREINet
(sparse regression embedded interpretable network), as it rep-
resents a conceptual shift: It embeds the principles of sparse
regression within a machine-learning framework, bridging
the interpretability of traditional matrix-based sparse regres-
sion with the computational advantages of neural-network
training, allowing for tapping into the power of automatic
differentiation, stochastic gradient descent, and end-to-end
optimization.

We apply SREINet to four paradigmatic spatially dis-
cretized spatiotemporal dynamical systems and two complex
networks with nonlocal connections to demonstrate its gen-
eral applicability and scalability in regimes that are difficult
for conventional explicit-library sparse-optimization meth-
ods under comparable computational constraints. The learned
governing equations are capable of accurately extrapolating
physically observable phenomena in spatiotemporal systems
such as coherent structures. This represents a significant im-
provement over traditional network-based approaches that are
limited in their extrapolation capabilities. Our framework is

robust against intermittent noise and incomplete data, being
able to maintain high accuracy across a wide range of dimen-
sions. It also demonstrates strong performance when tested
on an empirical dataset from a triple-pendulum system. When
sufficient data are available, the computational cost remains
consistent as the data volume increases, making it a suit-
able choice for tackling large-scale problems involving big
data. We further provide head-to-head comparisons against
representative equation-discovery and predictive baselines,
quantitative analyses of computational efficiency through
memory and run-time scaling versus matrix-based baselines,
and training-dynamics analyses across representative systems
to show how periodic pruning stabilizes convergence under
different optimization landscapes. Our scalable, equation-
finding SREINet provides an effective data-driven approach
for probing and understanding large-scale complex dynam-
ical systems arising from different fields of science and
engineering.

II. METHODS

We focus on high-dimensional dynamical systems repre-
sented by coupled ODEs or nonlinear PDEs that are cast as
coupled ODE systems upon spatial discretization. In either
case, the high-dimensional dynamical system has the form

x=fkx), xeR" (1)

and the aim is to learn the governing equations from a dataset
{x;, x;}/.,, where the derivatives can be estimated by, e.g.,
a finite difference approximation. The vector field can be
represented as the linear combination of a library of candidate
functions in the form f(x) = £€®(x), where & denotes an n-
by-r sparse coefficient matrix and @(x) represents a vector
with r numbers of the candidate functions. Going beyond the
previous method [14,17], we embed the matrix representation
into the following interpretable neural-network structure, as

illustrated in Fig. 2:
Nix)=§0x), i=12,...,n, @)

where & denotes the ith row of the coefficient matrix,
which can be reconstructed from the neural weights. This
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FIG. 3. Schematic illustration of how SREINet is trained and deployed to find the equations of high-dimensional dynamical systems. The
training algorithm separately identifies the system equation of each dimension.

neural-network architecture is interpretable because it has
no composition of activation functions: Its neurons are the
univariate functions resulting from the decomposition of mul-
tivariate candidate functions @ (x) (e.g., x7, x2x3). As a result,
forward propagation leads to an output summing a chain of
univariate functions that can recover the multivariate can-
didate functions as well as their weights, which will be
explained further subsequently.

Structure of SREINet. We now present a general-
ized structure of SREINet, shown at the left bottom of
Fig. 3. The input to SREINet is the state variables x =
[x1(2), x2(¢), ..., x,(t)]”, and the output includes the time
derivative x; associated with a specific dimension. We use this
neural architecture to learn the vector field of each dimension
separately. The activation functions of a layer are univariate
candidate functions in the form

. : ; T
oV =[o) i .. ] k> ), 3)

where
o'eG, G={g:R—->R)_,, 4)

where G is a user-defined library of univariate atomic can-
didate functions. Each (pl.“] is evaluated at an input feature
¢ € {x1(t), x2(t), ..., x,(¢)}. The choice of G is problem de-
pendent and is not fixed by the SREINet architecture. For
polynomial systems, we use constant and identity functions,
whereas trigonometric functions such as sin(r¢) and cos(7¢)
are included only when motivated by the expected dynamics,

as in systems with angular variables. Other analytic functions
may also be included when appropriate. To enhance the ex-
pressive power, neurons with repeated candidate functions
are allowed (see Theorem 1). As opposed to a multilayer
perceptron, these activation functions share the same input
from the input layer and are then multiplied elementwise by
the weighted output of the previous layer. More specifically,
the output of the jth hidden layer is

y[j] — <I>[j](x) owl-l ,y[j—l]’ 3)

where WU~ denotes the weights of the (j — 1)th hidden
layer, - denotes matrix multiplication, and © indicates the
elementwise Hadamard product. The output layer of SREINet
is a unit-weight dense layer, aggregating the output of the last
hidden layer. The SREINet output is thus given by

5=N@) =1, " x)owr .. .whH

- Py o Wil @M (x), (6)

where the operations are evaluated from right to left. In addi-
tion, 1, represents the fixed weights of the output layer, and
p is the depth of SREINet, equivalent to the highest order of
nonlinearity. As Eq. (6) does not contain any composition of
the activation functions, the explicit form of network output
can be written down in terms of the sum of all combinations
of the univariate functions up to the pth order.

The SREINet structure essentially embeds the matrix for-
mulation of sparse regression, because the right-hand side of
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the differential equations can be represented by the superpo-
sition of linear and nonlinear terms that are the product of
univariate functions. For example, the velocity of the equation
X = x% + xlxzx§ is the addition of two nonlinear terms xf and
x1xx7, where x7 is the product of two xi, and x;xx7 is the
product of x, x, as well as two x3. The velocity field can be
reconstructed through the forward propagation of a four-layer
SREINet with the activation functions ® = [1, x1, x2, x3]7
in each layer. This can be achieved by manipulating the
weights along the paths that yield the two desired terms,
while neglecting the others. Indeed, the forward propagation
of SREINet can reconstruct all possible combinations of these
univariate functions up to the order equal to the depth of
the neural architecture. In this sense, the mapping N (x, 0,)
can naturally be viewed as an embedded representation
of £,0(x).

In the following, we prove that SREINet can represent any
function that is a linear combination of products of univariate
functions, which includes the right-hand side of the governing
equations of nonlinear dynamical systems as a special case.

Theorem 1. (Universal representation of sum of univariate
products). For any expression f(x) = Zf‘il a;¢;(x), where
each ¢;(x) is a product of univariate functions (e.g., x% or
x1%3), there exists a configuration of SREINet that exactly
represents f(x).

Proof. See Note 1 in the Supplemental Material [39]. W

Remark. The universal representability relies on replicating
specific neurons to avoid structural conflicts among paths.
Since identifying the exact neurons to repeat is nontrivial a
priori, we introduce a practical hyperparameter C that uni-
formly replicates the base neuron set. In practice, a greedy
search can find the smallest sufficient C by increasing C until
performance converges. A key strength of SREINet lies in
its ability to maintain structural efficiency without requiring
a large number of copies C. Due to the nature of the network,
even with C = 1, the model can search through all possible
combinations of atomic functions up to an order determined
by its depth. Since the governing equations in most physical
systems are inherently sparse, a small C is normally sufficient
to recover the relevant dynamics. However, for systems where
the sparsity condition is violated or the exact functional form
lies outside the predefined candidate library, the discovered
equations become dense and less interpretable. In such sce-
narios, while the model may not yield a concise symbolic
expression, it can still function as an effective data-driven pre-
dictor, maintaining its predictive capabilities and exhibiting
a degree of extrapolation potential (see the triple-pendulum
example in Sec. III).

The main advantage of this network structure is that it
reduces the search space for candidate functions from O((n +
p)!/(n'p!)) to O(pn), where n is the system dimension, and p
is the order of nonlinearity. As a consequence, the number of
parameters to be trained is reduced from O((n + p)!/(n!p!))
to O(pn?), which is a significant reduction in computational
cost and memory consumption. This reduction is crucial
for addressing the curse of dimensionality and making the
method scalable to high-dimensional systems. We demon-
strate this through further quantitative analysis in Sec. III. In
addition, the network structure allows for efficient training
using stochastic gradient descent and automatic differentia-

tion, further enhancing its scalability and applicability to large
datasets.

Another noteworthy property of SREINet is the nonunique-
ness of weight-level optima. A simple pathwise example is
&= Wig.l]Wj[k]. For fixed &, infinitely many weight pairs satisfy
this relation via reciprocal rescaling. This implies that the
same coefficient can be realized by infinitely many weight
configurations. Consequently, the loss landscape may contain
manifolds of equivalent minima rather than isolated minimiz-
ers. Such geometry may improve optimization accessibility
in practice, although a formal proof is left for future work.
Importantly, equation recovery remains unchanged because
equivalent weight solutions map to the same reconstructed
coefficients.

Coefficient reconstruction. We establish a nonlinear map-
ping connecting an arbitrary coefficient in the matrix for-
mulation with the corresponding weights. For simplicity, we
assume that C =1 in the following. We first define a set
of indices @ = [a, ay, ..., ;] with a total degree || < p.
Next, we denote the associated coefficient of the candidate
function ¢ @3” - - - @;* as &,. The nonlinear mapping reads

G = 2 WL Wi ™
cyc

Here, W[” L ' denotes the weight connecting neuron j,_; in
the (p — l)th layer to neuron j, in the pth layer. The in-
dex set J = {j1, j2, ..., jp} satisfies Count(J, i) = «;, where
Count(J/, i) denotes the number of times the value i appears
among the indices in set J. In practice, the coefficients can be
reconstructed using a recursive depth-first search algorithm to
explore all active (nonzero) paths from the input to the output
layer (see Note 3 in the Supplemental Material [39]).

Inclusion of nonseparable candidate functions. Although
SREINet is built upon the separable property of candidate
functions, it can be extended to include nonseparable func-
tions, such as sin(x;x;). Inspired by the lifting operator in
extended dynamic mode decomposition [30], we introduce a
lifting layer after the input layer (see Fig. 4). This lifting layer
defines a nonlinear map z = W(x) that enables the inclusion
of nonseparable atomic candidate functions, which can then
be used to form more complex candidate functions through
forward propagation. Additionally, the lifting design is modu-
lar and scalable: It allows selective inclusion of nonseparable
candidate functions guided either by domain knowledge or
data-driven cues, thereby avoiding uncontrolled growth of
the library. In Note 7 in the Supplemental Material [39], we
demonstrate the efficacy of this extended network through a
modified Lorenz-96 system. Remarkably, the atomic candi-
date functions in the lifting layer can potentially be paired
with trainable parameters, such as sin(wxx;) or exp(—a(x; —
w)?), where , a, and p are trainable parameters, though this
capability is not demonstrated in this paper because it requires
more sophisticated training procedures. In the Sec. III, we
focus on the structure where neurons are equipped with only
univariate candidate functions to demonstrate the efficacy of
SREINet for high-dimensional dynamical systems.

Training algorithm. The training algorithm for identifying
sparse dynamics of each dimension individually is as follows.
The algorithm begins with collecting a dataset {X}, X;}72, b
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FIG. 4. The SREINet with a lifting layer that maps input coordinates x into a higher-dimensional space z. This extension allows SREINet

to include nonseparable atomic candidate functions such as sin(x;x;).

uniformly sampling m points on N (N =1, 2, ...) trajecto-
ries of the target system. Sampling from single or multiple
trajectories is problem dependent, with the primary goal of
generating a dataset that captures the full dynamics across
all dimensions. The trajectories can be produced either from
numerical simulations with random initial conditions or from
physical experiments. In our work, we initially sample the
derivative values that are needed for assessing the scalability
of the algorithm to high-dimensional problems. We then add
random noise to the data to assess the algorithm performance.
The collected dataset is divided into training and validation
sets with an 80-20 ratio.

We apply a dimensionwise scheme to learn the governing
equations of spatiotemporal systems with different types of
nonlinearity. We start from random initial weights to learn the
Jjth dimension vector field

Y=F0~NE0), j=12,....n )

through the following optimization problem:
moq 4 pl
argmin Y — [ — N (x. 8;) |, + Y RWE), @)
b= ' k=1

where 6; denotes the corresponding network weights (reset
for each dimension) and R represents a sparsity-promoting
operator applied to the weights of all layers. Theoretically,
the sparsity-promoting operator should be applied to the
reconstructed coefficients from Eq. (7). However, the recon-
struction will lead to the calculation of ("nf—[f,)' number of
coefficients during each training step, which is not scalable for
high-dimensional systems. Therefore, we apply the sparsity-
promoting operator to the weights of all layers directly. In
addition, the presented iterative training scheme can be im-
plemented in parallel, which shall significantly reduce the
training time with parallel computing. Prior to discussing
the learning process, we present the implementation of the
sparsity-promoting operator.

S-shaped periodic pruning. Traditionally, the sparsity-
promoting operator is selected from lasso [41] regression,
ridge [42] regression, or sequentially thresholded least squares
(STLSQ) [17]. Among them, STLSQ appears more robust
when dealing with noisy data [17]. However, directly inte-
grating STLSQ into stochastic gradient descent in machine

learning presents two challenges. First, the basic data struc-
ture (tensor) in machine-learning tools such as TensorFlow
is immutable and disallows dynamic resizing. This means
implementing STLSQ can only be done through a dy-
namic computational graph, which can significantly reduce
computation efficiency. Second, as opposed to the one-shot
computation of pseudoinverse, gradient descent iteratively
converges toward the optimal solution. As a result, adopting
a hard threshold as STLSQ during gradient descent could in-
advertently remove critical terms before their weights exceed
the threshold.

The first challenge can be addressed by applying binary
masking to filter out the weights that are less than a thresh-
old so that they are excluded from forward and backward
propagation [38,43]. To address the second challenge, we
extend the adaptive pruning method [38] by constructing an
S-shaped periodic pruning schedule, as shown in Fig. 5. The
scheduler begins with several epochs where the threshold
remains at zero or increases at a near-zero rate, providing
a starting point for pruning while avoiding convergence to
an overfitted coefficient space. The threshold value is then
slowly ramped up, followed by a transition to a fast-varying
region until it reaches its maximum and then holds there. This
schedule can be implemented through various monotonically
increasing functions that exhibit an S-shaped trajectory, such
as sigmoidal functions or piecewise constant mappings in-
tegrated with scaled-and-lifted sinusoids. Subsequently, the
scheduler zeros the threshold to restart the pruning process.
The pruning profile can be repeated multiple times until the
conditions for early stopping are satisfied. It turns out that the
repetition can significantly improve the robustness of the algo-
rithm (see training dynamics in Sec. III), as adaptive pruning
alone for high-dimensional systems may require painstaking
fine-tuning that can be especially challenging when different
dimensions possess distinct symbolic forms. Without the rep-
etition process, training will lead to a suboptimal/overfitted
solution if a critical term is accidentally pruned. The reset-
ting mechanism provides extra opportunities for convergence
through restarting from a subspace with weights close to the
correct values.

Notably, the masking/gating approach is not new for
training symbolic networks. For example, Zhang et al.
[44] developed a binary gate parametrized by a stochastic
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FIG. 5. An example of S-shaped periodic pruning scheme. The left panel is an overview of the pruning schedule, while the right panel

provides a closer look at a single pruning period.

variable such that it is differentiable and can be dynamically
adjusted during training. Tsoi et al. [32] proposed SymbolNet,
which performs advanced adaptive dynamic pruning of model
weights, input features, and mathematical operators within
a single training process. Each prunable component is asso-
ciated with a trainable threshold and a binary step-function
mask in the forward pass, while a smooth surrogate gradient
based on the sigmoid derivative is used in the backward pass.
In addition, SymbolNet introduces sparsity regularization
terms for different pruning types, whose strengths are adjusted
adaptively to drive the model toward prescribed target sparsity
ratios. These approaches address limitations associated with
fixed thresholds by allowing the effective sparsity pattern to
evolve during training. Our contribution is complementary:
Rather than focusing on the differentiable gate itself, we intro-
duce a periodic pruning schedule that repeatedly relaxes and
tightens the pruning threshold. In our high-dimensional exper-
iments, this periodic schedule substantially improves training
stability and reduces the chance of prematurely removing
important terms.

Training process. To learn the optimal weights that give
best fit to the sample set, we train our SREINet using the
Adam optimizer at a fixed learning rate. The trainable weights
are initialized randomly with zero mean and standard de-
viation equal to or less than 1072, because the sparsity
assumption implies that the majority of weights will diminish.
The training is performed sequentially from the first to the
last dimension. Take the ith dimension as an example. The
input to SREINet is the set X, while the output takes the
ith-dimensional derivative data &;. In each epoch, we update a
threshold value given by the scheduler, which will be used to
generate binary masks for pruning. By applying the masks to
the weight matrices and gradients, we trim the weights below
the threshold, preventing them from participating in forward
and back propagation. We also implement an early-stopping
strategy, which is activated either upon reaching both the
minimum loss and target pruning threshold, or when the loss
plateaus for a set number of consecutive periods. Upon the
completion of training one dimension, we record and reset the
weights, proceeding with training the next dimension.

Upon the completion of all dimensions, we obtain the
collected weight matrices to reconstruct the coefficients of the
original system following Eq. (7). This can be implemented

through a recursive algorithm with, again, a pruning threshold
to remove the insignificant terms. The pseudocode for our
algorithms is provided in Note 3 in the Supplemental Material
[39].

Data sufficiency and coverage. For data size, we find that
the heuristic solution [45] holds for shallow SREINet, which
recommends using data points greater than 5-10 times the
number of trainable weights. For SREINet with deep layers,
significantly more data could be needed. In addition to data
size, the coverage of data in phase space is also significant.
Ideally, the data should cover sufficiently broad regions such
that the dynamics of the system are well represented. If the
data only cover linear regions or regions with weak nonlinear-
ity, SREINet is likely to learn a lower-order model (see Note
9 in the Supplemental Material [39]).

Hyperparameter tuning. We list the values of several
important hyperparameters and the tuning approaches. Re-
garding the learning rate, we empirically use three levels: 0.1
for datasets with fewer than 5000 points, 0.1-0.01 for datasets
with 5000-50000 points, and 0.001-0.01 for datasets with
more than 50 000 points. The selection of minibatch size is
partially dependent on the step number per epoch. Ideally,
each epoch should contain enough steps for the loss to suf-
ficiently decrease before adjusting the pruning threshold. In
most examples, we use a minibatch size of 64 for datasets
with fewer than 8000 samples, and 128 for datasets with sam-
ples between 10000 and 60000. To expedite computations,
a larger minibatch size can be considered with more than
100 000 points. For early stopping, the loss threshold can be
set between 1078 and 1079 in the absence of noise, with
higher thresholds when noise is present. Similarly, the early-
stopping pruning threshold can be set to zero or a small value
without noise but adjusted to a slightly higher value with
noise.

III. RESULTS

A. Identifying governing equations of spatiotemporal systems

Spatiotemporal dynamical systems, when represented by
coupled ordinary differential equations, often involve hun-
dreds or even thousands of dimensions. This feature makes
them ideal candidates to test the capability of SREINet. We
apply SREINet to discover the governing equations of four
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TABLE I. Neural-network configurations of SREINet and training results of the six complex systems in subsections A and B. The quantity
Liean represents the average loss value across all dimensions and |ecoeft|mean denotes the mean absolute error of coefficients. SREINet can

precisely recover the coefficients of the governing equations.

System Nodes Dimensions Network structure Data size Batch size Liean |€coeft|mean
Lorenz-96 100 100 [101, 101] 60 000 128 8.4 x 1071 3.0 x 107
o* 50 100 [101, 101, 101] 60 000 128 8.0 x 10712 1.1 x 1077
DNLS 50 100 [101, 101, 101] 160 000 512 3.9 x 10712 8.5 x 1078
AL 64 128 [129, 129, 129] 200 000 512 1.7 x 1071 7.4 x 1077
Hindmarsh-Rose 25 75 [76, 76, 76] 45 000 128 8.8 x 1071 3.1x107°
Kuramoto 60 60 [121, 121] 50 000 128 5.4 x 107! 9.9 x 1077

paradigmatic spatiotemporal systems: the Lorenz-96 climate
model [46] with a quadratic nonlinearity, the discrete ot
model [47] with a cubic nonlinearity, the discrete nonlinear
Schrodinger equation (DNLS) [48], and the Ablowitz-Ladik
(AL) model [49]. The dimensions of these systems (as well as
the two in the subsequent subsection), the data volumes, and
the neural-network structures are listed in Table 1. For each of
these systems, we conduct numerical simulations with random
initial conditions to generate the datasets for machine learn-
ing, where the numerical time derivatives X are collected. All
training is conducted on a MacBook Pro with Apple M3 chip
and 18 GB RAM. The hyperparameter values used for each
example are listed in Table S6 in the Supplemental Material
[39]. More details on data generation and training are pro-
vided in Note 5 in the Supplemental Material [39]. Figure 6(a)
shows that SREINet yields the precise vector field of each sys-
tem, with a consistent level of loss (error) below 10~'°. In fact,
all components of the differential equations have been cor-
rectly and precisely identified. These tests target a regime that
is difficult for conventional explicit-library sparse-regression
methods. For instance, for sparse-optimization based on the
PySINDy library [50], the algorithm identifies the correct
ODEs in only about 75% of dimensions for the Lorenz-96
system, and our PySINDy runs encounter memory limitations
for systems with a cubic nonlinearity. While the depth of
SREINet in these examples is equal to the highest polynomial
order of the systems, the model remains effective even when
the depth is further increased (see Note 8 in the Supplemental
Material [39]).

Lorenz-96 climate model. The model [46] describes the
time evolution of temperature along a latitude circle on the
earth, which is given by

Xi =Xi—1(Axj41 — Bxi—y) —Cx; +F, i=1,2,...,n,
(10)
with the periodic boundary conditions: x_; = Xx,_1, Xo = X,
and x,4; = x|, where F is a constant forcing that represents
external influences such as solar heating and the quadratic
terms simulate advection. We divide the latitude circle into
100 sectors, so the dimension of the system is n = 100.
We generate a dataset with six trajectories originating from
random initial conditions, where each trajectory has a du-
ration of 7 = 10 and the sampling time step is dt = 107>,
The NN has a two-layer structure with first-order mono-
mial activation functions (plus a function ® = 1): ®(x) =
[1,x1, %2, ...,x,]". There are 101 neurons per layer and the
total number of trainable weights is 101> = 10201. During

the training, each dimension takes approximately three prun-
ing periods before early stopping with an average loss of
8.4 x 10711, leading to a mean absolute coefficient error at
the level of 1079, Figure 6(b) compares the discovered vector
field x;(t) with the ground truth with remarkable agreement
and consistently small error across all dimensions.

Discrete ¢* model. The spatially discrete ¢* model is given
by

iy = Cluiy + wiy — 2u) + 2 — 123),

u:=ut)eR, ieZ,teR, a1

where C is the coupling constant. The system originates
from the continuum limit model [47] in scalar field the-
ories in physics [51] with diverse applications in particle
physics, phase transitions, and the Higgs phenomenon [47],
where the second-order spatial derivative is replaced by a
centered finite-difference scheme with the lattice spacing h:
C = 1/h*. We set the system dimension to be n = 50 and
choose C = 2 (or equivalently, # = 1/+/2). In the continuum
limit, the homogeneous Neumann boundary conditions are
often used in different contexts [47], which correspond to
free boundary conditions in the spatially discrete system:
Upy = Ups, U_ps5 = U_pg. For discovering the system, we use
a three-layer SREINet with the candidate functions ®(x) =
[1,x_25, X_o4, ..., x74]T, where x; = u; and Xitn = U, SO the
number of trainable weights is 2 x 101> = 20402. The train-
ing is complete when its loss reaches the low value 8 x 107!2.
As shown in Fig. 6(c), the coefficients in the system equa-
tion can be accurately identified with an (average) absolute
error of 1077,

Discrete nonlinear Schriodinger equation and Ablowitz-
Ladik model. The discrete nonlinear Schrddinger equa-
tion [48] with a focusing cubic nonlinearity is given by

lu] = —E(uj_H +uj—1 — 21/lj) — |uj|2u_,-, (12)
where C = 1/h?. It arises in fields such as nonlinear optics and
condensed matter physics [52]. Its solution u; :=u;(t) € C
describes, e.g., the envelope of the electric field along an
optical waveguide array or the quantum-mechanical wave-
function of a Bose-Einstein condensate in an optical lattice.
Similar to the ¢* model as in Eq. (11), the DNLS stems
from a second-order accurate, centered finite difference dis-
cretization of the one-dimensional focusing yet integrable
nonlinear Schrédinger equation (NLS) [53]. To be concrete,
we use C =4, n =150, and periodic boundary conditions,
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FIG. 6. Demonstration of SREINet’s capability for discovering high-dimensional vector fields for four paradigmatic spatiotemporal
systems. From left to right: Lorenz-96 model (100-dimensional), discrete ¢* model (100-dimensional), DNLS system (100-dimensional),
and AL system (128-dimensional). (a) Inference loss of vector fields and absolute coefficient errors of the discovered governing equations.
(b)—(e) Vector fields discovered by SREINet (middle row) in comparison with the ground truth (top row), with the absolute error of the vector

fields in the bottom row.

e.g., U_ps = Upq and ups = u_ps. We reorganize the equa-
tions by splitting the real and imaginary parts of the dynamical
variables: u; = o; +if; for j = =25, =24, ...,24, leading
to a 100-dimensional input to a three-layer neural-network
architecture, where there are 101 neurons per layer with
the monomial candidate functions. As shown in Fig. 6(d),
SREINet successfully captures the dynamics of the DNLS,
achieving a low loss of 3.9 x 10~!? with an average error of
8.5 x 1073 in the reconstructed equation coefficients.

The DNLS in Eq. (12) is not integrable; i.e., it does
not possess an infinite number of conserved quantities [48],
and thus no explicit solutions are available. An integrable
discretization of the NLS is the following Ablowitz-Ladik
model [49]:

it = =3 (ujer = 2uj + ujm1) = gl jer +ujop). (13)

which possesses explicit solutions. In fact, a subset of the
solutions correspond to extreme events in the underlying
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physical system such as rogue waves [54]. We set C =1
and use periodic boundary conditions. The neural network
has 64 nodes, corresponding to 128 dimensions (real and
imaginary parts). The equation-finding performance of
SREINet is demonstrated in Fig. 6(e), where a training loss
of 1.7 x 107! and an average absolute coefficient error of
7.4 x 1077 are achieved.

B. Learning dynamics of complex networks

As previous models contain only local interactions be-
tween nodes, we now show the applicability of SREINet for
complex networks that include nonlocal connections.

Hindmarsh-Rose network. We first consider a sparse Erd6s-
Rényi type of homogeneous network, where nodal dynamics
are characterized by coupled Hindmarsh-Rose neurons [55]:

N
Gi=fie)+ Yy, Cilxj—x) (=1,...

J=1#

N), (14)

with
yi—axi +bx} —zi+1
c— dxi2 -y ,
r(s(x; — xo) — zi)

Sfixi) = xi =[x, yi, 2"

s

(15)

where a, b, ¢, d, r, and s are parameters, C;; is the coupling
matrix, / is the external input, and x is the equilibrium point.
We generate a 25-node Erdds-Rényi network with a con-
nection probability of p = 0.2 (resulting in 66 edges) using
NetworkX, as shown in Fig. 7(a). This configuration yields a
75-dimensional nonlinear dynamical system.

To identify the dynamics of this complex system, we
use a three-layer SREINet with first-order monomial candi-
date functions, trained with a sigmoid pruning profile, with
steepness 20. As the system response exhibits slow and fast
timescales, discovering the governing equations is particularly
challenging. Following an extended average pruning period,
the network captures the vector field with a mean loss of
8.8 x 107! and coefficients with a mean absolute error of
3.1 x 107°. Furthermore, the identified model faithfully repli-
cates the state evolution of the original system, as shown in
Fig. 7(c).

Kuramoto network. We then consider a fully connected
Kuramoto network [see Fig. 7(b)] with external fields [56],
described by

. K <
0 = w; + — in(6; —0;)+ hsin(6;), i=12,...,n,
o) n;sm( i) sin(6;), i n

(16)

where w; is the natural frequency of the ith oscillator, K is the
coupling strength, and 4 is the amplitude of the external force.
We set n = 60, K = 2, and & = 0.2, with natural frequencies
w; taken evenly from [—5, 5], so that the coupled phase os-
cillators are not synchronized, and the oscillators oscillate at
their natural frequencies w;. The neural dynamics in the two-
layer SREINet architecture are described by the cosine and
sine functions, so effectively there are 121 neurons per layer
(the first neuron being the constant one). The total number

of trainable weights is 1212 = 14 641. The converged result
includes multiple pairs of cos” 6; and sin® §;, and a symbolic
postprocessing program that performs string manipulations to
simplify these pairs of trigonometric functions into constants
is used to sum such terms when recovering the governing
equations. On average, the training loss is about 5.4 x 107!,
indicating accurate recovery of the coefficients with a mean
absolute error of about 9.9 x 10~7. While the state compari-
son in Fig. 7(d) shows a high degree of visual agreement, the
small constant frequency errors eventually lead to a gradual
phase shift. Due to the large scale of the state variables, this
discrepancy is not immediately apparent in the heatmap but is
clearly quantified in the error evolution plots provided in Note
5 in the Supplemental Material [39].

C. Learning triple-pendulum dynamics with empirical data

To evaluate SREINet’s performance with real-world data,
we test it on an empirical dataset collected from a triple-
pendulum system [57], as illustrated in Fig. 8. We choose this
lumped-parameter dynamical system because many existing
datasets for spatiotemporal systems, such as weather data and
ECG recordings, lack complete access to all relevant state
variables and/or external inputs, both of which are essen-
tial for accurate system identification. The triple-pendulum
system provides a controlled experimental setting in which
all state variables can be either directly measured or reli-
ably estimated through numerical differentiation. However,
this system poses significant challenges for sparse identifica-
tion, as the governing equations contain rational nonlinearities
that are difficult to incorporate into candidate functions. To
our knowledge, no prior data-driven study has successfully
identified the full governing equations of this system from
experimental data.

The experimental setup in panel (a) consists of a cart fixed
on a rail with three pendulum arms that swing freely from an
initial displacement. Angular positions of each arm are mea-
sured using optical encoders at a 10 kHz sampling rate, with
angular velocities obtained through numerical differentiation.
Angular accelerations are estimated using downsampled data
processed with Savitzky-Golay smoothed differentiation [58]
(see Note 6 in the Supplemental Material [39] for details).
Panel (b) shows a representative subset of the training data,
displaying the states for the lowest arm over approximately
60 s of oscillatory motion.

We construct a three-layer SREINet with ®(x) =
[1,x7, cos(x)T, sin(x)7, cos(2x)7, sin(2x)"]7, where cos(x)
= [cos(x}), cos(x2), ..., cos(x,)]T. The network input
is x =[61, 6,063, 91, 92, 93]T. This produces a network
with 31 neurons per layer, whereas the corresponding
matrix formulation would involve (*37) = 5456 candidate
functions. Trained with two sampled datasets, the network
successfully identifies the governing equations for angular
velocities, where the dominant dynamical terms are well
represented by the chosen candidate functions. The higher
loss values [see panel (c)] for angular accelerations arise
from two sources: accumulated errors from numerical
differentiation and lack of dominant terms in the candidate
function library. Despite these limitations, the identified
system effectively predicts the evolution of position, velocity,
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FIG. 7. SREINet can discover dynamics of complex networks with nonlocal connections. Network topology: (a) A 25-node Erd8s-Rényi
homogeneous network with Hindmarsh-Rose nodes (in total 75 dimensions); (b) a 60-node fully connected Kuramoto network (only nodes
with indices that are multiples of 4 are displayed). The first row of panels (c) and (d) shows the ground truth of state evolution, while the
second row displays the states predicted by the identified model through SREINet.

and even acceleration over a 10-s period for an untrained
validation set, as shown in panel (d).

D. Extrapolating coherent structures
in spatiotemporal dynamics

For traditional neural networks, a challenging problem is
to extrapolate physical solutions that are not contained in
the training dataset. Once the governing equations of the
spatiotemporal system have been uncovered, is the SREINet
capable of extrapolating previously unseen solutions or phys-
ical phenomena? To address this question, we focus on
coherent structures that are fundamental to spatiotemporal

dynamical systems. The main results are summarized in
Fig. 9, where the contour plots of the spatiotemporal dynam-
ics from the identified systems are shown (right column) in
comparison with the ground truth (left column). Specifically,
Fig. 9(a) shows a coherent structure from the discrete ¢*
model, where the initial condition is a discrete kink given by

ui(t = 0) = tanh (ﬁ) 17)

with x; denoting the grid points taken uniformly from the
range [—#6, %] with n = 50 and v = 0. The kink solution
is advanced forward in time and travels to the left of the
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FIG. 8. Evaluation of SREINet on empirical data from a triple-pendulum system. With the selected candidate functions, the network size
is equivalent to that of a 30-dimensional dynamical system with polynomial basis functions. (a) Schematic of the experimental setup with a
fixed base, where angular positions 6, 6,, and 65 are measured from the vertical. (b) A representative subset of the training data, where angular
acceleration 65 is estimated using smoothed numerical differentiation. (c) Training loss across all dimensions, plotted on a logarithmic scale.
(d) Validation results comparing experimental measurements with SREINet predictions. The initial conditions are from an untrained dataset.
Strong agreement is observed across all variables and their derivatives over a 10-s segment.

lattice. There is dissipation as Eq. (17) is not an exact solution
of the discrete ¢* system. Remarkably, the spatiotemporal
dynamics generated by SREINet agree well with the ground
truth. Similar results hold for the DNLS and AL systems,
as shown in Figs. 9(b)-9(d), respectively, corresponding to
breather solutions [panel (b)], as well as Kuznetsov-Ma (KM)

breather [panel (c)] and doubly localized Peregrine breather
[panel (d)]. For the DNLS, a Gaussian initial pulse of width
o =2 is evolved forward in time, leading to an oscillatory
behavior in the waveform in the central site (n = 0), i.e., a
breathing motion that was reported in Ref. [59]. For the AL
system, we used the doubly localized Peregrine breather in
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FIG. 9. Numerical results on extrapolation of SREINet-discovered system models emulating coherent structures. (a) Kink solution in the
discrete ¢* model, (b) evolution of a Gaussian pulse in the DNLS equation, (c) KM-breather in the AL model, and (d) Peregrine breather in
the AL model. The left and right columns correspond to the ground truth and the waveforms generated by the discovered model, respectively.

Fig. 9(d), given explicitly after rescaling by

® 1 ! 6(1 + it) (18)
u = — - |,
YT 2 T vt e
and the time-periodic, spatially localized KM breather:
1 cos (2wt +i0) + Gcosh(rk)
w(t) = — G ) (19)

/2

in Fig. 9(c) as initial conditions (the values of the pa-
rameters r, 0, and G are from Ref. [60]). It should be
noted in passing that Eq. (19) “breathes” over time with
period T =4n/w (angular frequency is w/2) and ap-
proaches the Peregrine breather of Eq. (18) in the T +—

cos (ot) 4+ G cosh(rk)

oo limit. Both solutions describe rogue waves in nonlinear
optics. These results indicate that SREINet-found system
model is capable of generating the same spatiotemporal dy-
namics as the ground truth with the capability of resolving
waveform evolution even in nonintegrable systems, demon-
strating a remarkable extrapolability of coherent structures in
diverse wave systems in physics.

E. Quantitative and qualitative analysis

Effect of continuous noise on dynamics discovery. The ex-
amples of successful extrapolation of the coherent structures
in Fig. 9 were for noiseless systems. What is the effect of
noise on the extrapolation capability of SREINet for system
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FIG. 10. Effect of white Gaussian noise on the accuracy of model reconstruction. (a) Statistical distribution of MSE of the coefficients vs
the number of dimensions for 5% noise level. (b) Distribution of the coefficients MSE vs the noise level for fixed system dimension n = 20.
In both panels, five independent runs are used to calculate the distribution. (c) Dynamical trajectory of the average state % and its derivative X

under different noise levels shown on the phase plane.

discovery? To address this question, we study the ¢* system
with free boundary conditions because its vector field takes
different symbolic forms across dimensions. To be system-
atic, we study the ¢>4 system with 10, 20, 30, 40, and 50
nodes, and the underlying dynamical system is 20-, 40-, 60-,
80-, and 100-dimensional, respectively, and add zero-mean
Gaussian white noise with a standard deviation equal to 5%
of the standard deviation of the sampled data. Figure 10(a)
shows that the MSE in the coefficients of the vector field re-
mains approximately constant as the dimension of the system
increases, except for a few outliers in the 100-dimensional
system, which can be readily removed by slightly varying the
hyperparameter values.

To study the effect of noise on the accuracy of the re-
covered coefficients, we fix the system dimension at 20 (10
nodes) and incorporate white Gaussian noise at levels of 1%,
5%, 10%, and 15% into the data. In particular, at each noise
level, five independent runs are performed. In each run, we
simulate the ¢* system with noise added to both x and % dur-
ing sampling. This setup corresponds to observational noise,
where the measurements are corrupted but the underlying
deterministic trajectory is not perturbed. The noisy data are
the input to the neural-network architecture for the system
coefficients to be identified. The resulting statistics of the
coefficient error versus noise level are shown in Fig. 10(b),
where high accuracy and consistency are maintained for noise
levels up to 10%. Figure 10(c) compares the trajectories of
the average state variable X = Y x;/n and its derivative X of

the discovered model with the ground truth. As the noise
level increases, the duration over which the trajectories of the
identified system precisely match the ground truth decreases.
Insofar as the noise level is below 15%, the agreement is
reasonable.

Effects of incomplete data and intermittent noise. In ap-
plications, data are often incomplete due to transmission loss
and can be affected by intermittent noise induced by sporadic
external disturbances such as signal interference and weather
conditions. While interpolation can compensate for missing
data to a certain extent, it also introduces additional error.
Intermittent noise may lead to a nonzero mean and non-
Gaussian distribution, further deteriorating the data quality.
These challenges underscore the importance of algorithms
that are resilient to incomplete data and intermittent noise.

We evaluate the performance of SREINet for different data
missing rates and pollution ratios using the ¢* system. The top
panel of Fig. 11 presents the absolute coefficient ratio of the
identified values to the ground truth for 0%, 20%, and 50%
missing rates (from left to right), where the corresponding
percentage data are randomly sampled and removed from
the sample set. Practically, missing data can occur in con-
tinuous intervals due to communication failures. This case is
not significantly different from random loss for our SREINet
framework, as the optimization operates on a point-by-point
basis. An exception occurs if the lost interval contains criti-
cal dynamics (e.g., fast-varying or high-frequency segments
[61]), which may lead to erroneous results. However, we
believe this is a matter of data representativeness, rather than
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FIG. 11. Effects of incomplete data and intermittent noise on the equation-finding performance of SREINet. The top panel (from left to
right) presents the average ratio of the estimated coefficients to the ground truth, for 0%, 20%, and 50% missing rates. Each heatmap illustrates
the coefficient ratios across different noise levels and percentages of noisy data. These ratios are calculated by averaging five independent runs.
The shaded squares indicate the locations where incorrect equations are identified in at least one run. The time series plots in panels (a)—(c)
compare the evolution of the average state X of the ground truth with that of the identified models across different missing data rates (with 40%
data polluted by noise).
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TABLE II. Head-to-head comparison for the clean and noisy ¢* benchmark. Additional head-to-head comparisons for the Lorenz-96
and Kuramoto benchmarks are reported in Tables 8 and 9 in the Supplemental Material [39]. The entries C/C, report the pair of recovered
and ground-truth mean term counts. E, is the mean coefficient root-mean-square error on the ground-truth support, and E,; is the full-interval
rollout normalized root-mean-square error over [0, 2]. Detailed definitions are provided in Note 11 in the Supplemental Material [39]. Reservoir
computing is used here as a predictive baseline and does not report symbolic complexity or coefficient error. OOM: out of memory; N/A: metric

not defined for the method; —: unavailable result.

Dim. 20 Dim. 50 Dim. 100
Noise ~Method Trainloss C/C, E. E.i  Trainloss C/C, E. E.i Trainloss C/C, E.  Ewan
Clean SINDy 1.94x10728 2.3/23 6.48x 1077 1.02x10°°¢ OOM - - - OOM - - -
MANDy 1.12x1072% 23723  0.0000 1.86x10~' OOM - - - OOM - - -
RC 8.17x1077 N/A N/A 4.7441 2.94%x107° N/A N/A 2.1820 1.75x107°  N/A N/A 2.0152
EQL 0.1263 55/23 0.8892 2.1620 0.1206 98/24 0.8782 1.7410 0.1715 82/25 1.1003 1.8525
SymbolNet 0.0088 3.1/2.3 0.1018 0.2785 0.0531 2.8/24 0.0986 0.3066 0.0590 3.5/25 0.1347 0.2680
SREINet (ours) 8.67x10™° 2.3/23 1.41x107* 1.93x107* 6.18x10710 2.4/2.4 3.31x1075 2.83x1075 6.44x10° 2.5/2.5 1.05x10~* 1.13x10~*
1% SINDy 0.0018 2.3/23 0.0022 0.0037 OOM - - - OOM - - -
MANDy 8.27x107* 394.8/2.3 0.5057 0.2619 OOM — — - OOM - - -
RC 7.80x107° N/A N/A 4.7664 9.09x107> N/A N/A 2.0352  9.05x107> N/A N/A 2.0171
EQL 0.1280 5.5/2.3 0.8842 1.8843 0.1233  9.6/24 0.8889 - 0.1738 79/2.5 1.1018 1.8553
SymbolNet 0.0020 39/23 0.0190 0.0090 0.0388 3.7/2.4 0.1450 0.3909 0.0565 39/25 0.1290 0.5073
SREINet (ours) 0.0018 2.3/23 0.0054 0.0218 0.0020 2.4/24 0.0049 0.0134 0.0023 2.5/2.5 0.0074 0.0262
5% SINDy 0.0437 2.3/23 0.0503 0.0931 OOM - - - OOM - - -
MANDy 0.0160 4245/23 0.7543 0.5637 OOM - - - OOM - - -
RC 0.0017 N/A N/A 4.7079 0.0018 N/A N/A 2.1411 0.0019 N/A N/A 2.0535
EQL 0.1665 52/23 0.9188 1.8395 0.1764 9.1/2.4 0.8520 1.5629 02157 7.2/25 1.1031 1.7323
SymbolNet 0.0999 6.0/2.3 0.2167 1.3745 0.0552 5.1/24 0.1129 0.2485 0.1613 59/2.5 0.2360 0.7367
SREINet (ours) 0.0407 2.3/23 0.0525 0.1016 0.0488 24/24 0.0437 0.0709 0.0553 2.5/2.5 0.0456 0.0815
10%  SINDy 0.1529 6.9/2.3 0.3355 0.0848 OOM - - - OOM - - -
MANDy 0.0534 382.2/23 0.6900 0.6263 OOM - - - OOM - - -
RC 0.0065 N/A N/A 4.6061 0.0071 N/A N/A 2.0769 0.0074 N/A N/A 2.0504
EQL 0.2546 5.7/2.3 0.9422 1.3317 0.3000 6.4/24 0.9033 1.6347 0.3459 6.0/2.5 1.1451 1.8630
SymbolNet 0.2645 6.7/2.3 0.4496 0.8999 0.2394 6.1/24 0.2545 0.3812 0.2524 5.0/25 02772 0.6230
SREINet (ours)  0.1406 2.3/2.3 0.1812 0.3404 0.1684 2.4/24 0.1486 0.2042 0.1619 2.5/25 0.1409 0.1808

algorithmic deficiency. In Fig. 11, each heatmap colors the
coefficient ratios varying with noise (contamination) ratio
and noise level, with results averaged over five consecutive
runs. The shaded boxes indicate at least one run incorrectly
identifying the differential equations, typically occurring in
one or two dimensions, where some extra dominant terms
are discovered. Generally, the coefficient ratio decreases as
the noise level and percentage increase, which also correlates
with a higher rate of incorrect equation identification. While
the missing rate does not significantly affect the coefficient
ratio, it increases the chances of incorrectly identifying the
equations. Shown below the top panel are the time series
of the average state x at four different noise levels for each
missing rate, with noise ratio (polluted rate) fixed at 40%.
While the prediction horizon aligned with the ground truth
decreases as the noise level increases, the framework remains
effective for short-term predictions up to 15% noise level,
demonstrating robustness of SREINet against incomplete data
and intermittent noise.

Head-to-head comparison. Having demonstrated the per-
formance of SREINet with noisy data, we now perform
head-to-head comparisons with representative methods for
dynamics discovery, including both explicit methods (e.g.,
SINDy and its variant MANDy, EQL and its variant Symbol-

Net) and an implicit method (e.g., reservoir computing). We
note that our goal is not to establish a leaderboard of these
methods with perfectly tuned hyperparameters, but to provide
a practical comparison based on reasonable hyperparameter-
tuning efforts. We select three examples: the ¢*, Lorenz-96,
and Kuramoto systems. The ¢* comparison is presented in
Table II, while the Lorenz-96 and Kuramoto comparisons
are reported in Tables S8 and S9 in the Supplemental Ma-
terial [39], respectively. The comparisons concentrate on
training loss, recovered symbolic complexity and coefficient
error on the ground-truth terms (for methods that yield
explicit equations), and rollout error of a trajectory with un-
trained initial conditions for extrapolation. The details of the
hyperparameter-tuning procedure are documented in Note 11
in the Supplemental Material [39].

As shown in Table II, SINDy and MANDy can exactly re-
cover the governing equations for the clean 20-dimensional ¢*
system, achieving the correct symbolic complexity and nearly
zero training and rollout errors. However, both methods suffer
from OOM issues when scaled to 50 and 100 dimensions in
this benchmark. For SINDy, this is due to the combinatorial
increase in the number of candidate functions. For MANDy,
although the tensor-train representation reduces the explicit-
library size, the algorithm still scales poorly with data volume
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and dimension in the present setting. In addition, under noisy
data, MANDYy tends to recover substantially more terms than
the ground truth, yielding overfitted governing equations with
much higher symbolic complexity. SINDy remains accurate
at relatively low noise for the 20-dimensional case, but when
the noise level increases to 10%, it also begins to introduce
redundant terms.

Reservoir computing (RC) provides a useful predictive
baseline. Under the present hyperparameter-tuning protocol,
RC can achieve relatively low training loss, especially in
noisy cases. However, it does not provide symbolic governing
equations or coefficient estimates, and its rollout errors on
trajectories with untrained initial conditions are larger than
those of the successful equation-discovery methods in the ¢*
benchmark.

The learning-based symbolic methods show a different
behavior. Under the present benchmark protocol, EQL is
capable of producing sparse symbolic models, but it often
converges to suboptimal expressions, leading to larger training
losses, coefficient errors, and rollout errors. With its dynamic
pruning scheme, SymbolNet is more robust and noise tol-
erant than EQL, and it yields substantially smaller losses
and rollout errors in many cases. However, under the same
protocol, SymbolNet can still recover models with higher
symbolic complexity than the ground truth as the noise level
increases.

SREINet balances fitting accuracy and symbolic parsi-
mony in the ¢* benchmark. Across all tested dimensions
and noise levels, it recovers the ground-truth symbolic com-
plexity and maintains relatively small coefficient and rollout
errors. The Lorenz-96 and Kuramoto results in Tables S8
and S9 in the Supplemental Material [39] further show that
the relative performance is system dependent: SINDy can
remain highly competitive when the candidate library is
computationally manageable. However, its performance is
sensitive to threshold selection. When the true coefficients are
relatively large, a higher threshold can remove many noise-
induced terms and improve equation recovery. For systems
with small coefficients, such as high-dimensional Kuramoto
where the coupling coefficients scale as K/n, a more conser-
vative threshold is needed to avoid eliminating true coupling
terms. This conservative thresholding can increase the risk of
retaining noise-induced redundant terms, as reflected by the
higher recovered symbolic complexity observed for SINDy
in the noisy Kuramoto cases. In contrast, SREINet can use
a more aggressive periodic pruning schedule because pruned
terms can be reactivated in later periods. Overall, the main
advantage of SREINet is not simply lower training loss, but
scalable equation recovery with controlled symbolic complex-
ity and reliable coefficient identification in high-dimensional
noisy settings.

Data scalability. The head-to-head comparison has shown
that accurate equation recovery in high dimensions must be
considered together with computational scalability. We there-
fore evaluate the wall-clock time of the explicit methods
for high-dimensional systems (SREINet, MANDy, EQL, and
SymbolNet) as the number of training data points increases.
SINDy is omitted from this timing-scaling plot because its
run-time on the ten-node Fermi-Pasta-Ulam (FPU) example
is too small to yield a meaningful data-size scaling curve;

its main scalability bottleneck is the dimension-dependent
and nonlinearity-dependent growth of the candidate library,
discussed separately in the memory analysis.

We test the methods using a ten-node Fermi-Pasta-
Ulam-Tsingou nonlinear lattice [62], a prototype system in
MANDYy’s code library. For SREINet, EQL, and SymbolNet,
we use the same hyperparameter choices as in the head-to-
head comparison for the FPU system, except for the minibatch
size and the number of epochs. The minibatch size is set to 64
for SREINet and 512 for EQL and SymbolNet, because the
latter two methods train more stably with larger minibatches.
Since a larger minibatch yields fewer parameter-update steps
per epoch for a fixed dataset, we allow EQL and SymbolNet
to run for more epochs so that their losses have sufficient op-
portunity to decrease. This adjustment is intended to provide
each learning-based method with a reasonable optimization
budget rather than to exactly equalize the number of gradient
updates; in fact, the total number of update steps for EQL and
SymbolNet remains smaller than that used for SREINet.

As shown in Fig. 12, the computational time of MANDy
increases rapidly with the number of data points. This is
because although MANDYy uses memory-efficient tensor-train
representation [63], it relies on pseudoinversion of tensor-
train format to approximate the coefficients, which requires
two additional expensive steps: matricization and singular
value decomposition of the tensor-train representation. The
computational complexity of pseudoinversion in tensor de-
composition [19] is O(pnm?), with m being the number of
data points, which scales poorly with data volume.

All learning-based methods (SREINet, EQL, and Symbol-
Net) exhibit more favorable time scaling than MANDy as
the number of data points increases, primarily because they
use minibatch training. EQL and SymbolNet show a mild,
approximately linear increase in wall-clock time over the
tested range. However, their training is sensitive to weight
initialization, which can lead to suboptimal convergence and
failure to discover the exact governing equations in some
dimensions, as indicated by the hollow markers in Fig. 12.
In our implementation and selected hyperparameter settings,
SymbolNet exhibits a steeper increase in wall-clock time than
EQL because its dynamic pruning scheme introduces addi-
tional trainable masks/thresholds and sparsity-regularization
terms, which increase the computational overhead. In these
cases, neither EQL nor SymbolNet reaches the training-loss
threshold for early stopping, so the full prescribed training
budget is used. This contributes to the increase in computa-
tional time as the data volume grows.

In contrast, SREINet maintains a relatively constant com-
putational time as more data points are used. It seems the
required number of training steps for convergence remains
statistically constant when sufficient data are available. In
fact, the memory consumption of SREINet is O(pn® + pnmy),
while, for a fixed minibatch size m;,, the computational load
per training step is O(pn?) for both forward and backward
propagation. The computational time of SREINet also has
greater fluctuations than other methods, as the number of
pruning periods required for convergence can vary across runs
and system dimensions. Despite this variability, the pruning
scheme in our framework is robust enough to manage the
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FIG. 12. Computational time versus the number of FPU training data points for MANDy, SREINet, EQL, and SymbolNet. Filled markers
denote complete equation recovery, whereas open markers denote partial equation recovery. The SREINet curve begins at 4000 data points

because training failed for several output dimensions at 3000 data points.

randomness, ultimately achieving convergence over several
pruning periods.

Memory efficiency. In comparison with the conventional
matrix-based optimization method [14,17], the reduction in
the memory consumption of the proposed architecture is sub-
stantial. As shown in Fig. 13, the memory reduction becomes
increasingly pronounced as both the system dimension and the
order of nonlinearity increase. For n = 100, SREINet reduces
the memory requirement by approximately 3, 4, and 7 orders
of magnitude for p =2, p =3, and p =5, respectively. For

p = 5 and n = 1000, the reduction exceeds 9 orders of magni-
tude. A more detailed comparison of the computational (space
and time) complexity of the proposed SREINet architecture
with the matrix-based method is presented in Note 2 in the
Supplemental Material and Tables S1 and S2 in the Supple-
mental Material [39].

Training dynamics. Figure 14 illustrates the training dy-
namics of representative dimensions from the ¢* model,
the Kuramoto oscillators, and the Hindmarsh-Rose network.

10°
=2 SREINet =3 =5
p Matrix formulation p p
10°
o)
S 10%4
Py
g 10
S 10°
=
1078 4
10_6 I 1 T 1 1 1 T 1 1
10 100 1000 10 100 1000 10 100 1000

Dimensions, n

Dimensions, n

Dimensions, n

FIG. 13. Comparison of memory consumption of SREINet with the conventional matrix formulation across different system dimensions
and orders of nonlinearity. For p = 3 and n = 100, SREINet reduces the memory consumption by more than 4 orders of magnitude. For
p =5 and n = 1000, the reduction exceeds 9 orders of magnitude, making SREINet scalable to systems with hundreds and even thousands of
dimensions. The detailed numbers are listed in Table S1 in the Supplemental Material [39].
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FIG. 14. Training dynamics of SREINet. Representative dimensions from the ¢* model, Kuramoto oscillators, and Hindmarsh-Rose
network are selected, which demonstrate the training dynamics with fast (left), moderate (middle), and robust (right) convergence.

These cases exemplify the varying degrees of convergence
handled by SREINet: fast, moderate, and robust convergence.

The left panel (fast convergence) depicts a scenario where
the loss decays almost monotonically. This typically oc-
curs in systems with a smoother optimization landscape,
where the library terms are efficiently identified in the initial
period.

The middle panel (moderate convergence) demonstrates
a case where convergence is achieved through three reset
periods. We observe characteristic segments where the loss
stagnates or temporarily increases before the end of a period,
which is often a result of the pruning of dominant library
terms. Crucially, the resetting mechanism allows the optimizer
to escape these local plateaus. Despite the transient increase
in loss following a reset of pruning threshold, the model
discovers a lower-loss trajectory in the subsequent period,
eventually reaching a high-precision sparse solution.

The right panel (robust convergence) showcases a highly
complex scenario requiring 37 pruning periods. In this case,
the algorithm undergoes an extensive exploration phase, evi-
denced by the fluctuations in the local loss minima during the
intermediate periods. This extended trajectory underscores the
robustness of the S-shaped pruning schedule; the periodic re-
setting prevents premature commitment to an incorrect sparse
structure, allowing the model to iteratively refine its selection
until the true governing dynamics are captured.

To further demonstrate the effects brought by the network
and pruning scheme, we perform an ablation study (see Note
10 in the Supplemental Material [39]). The results show
that the S-shaped pruning schedule significantly improves
the convergence of the training process, while the network
architecture itself contributes to the compact representation
with reduced memory consumption. The combination of the
two components in SREINet leads to a scalable and robust
training process for discovering governing equations of high-
dimensional systems.

It should be noted that while the pruning scheme signif-
icantly alleviates the sensitivity to hyperparameter tuning,
it does not guarantee global convergence in every extreme
configuration. For example, an ill-configured pruning profile

(e.g., an excessive maximum threshold or an inappropriate
pruning schedule) may lead to overpruning of coefficients
in each period. Consequently, the loss may stagnate without
further reduction. However, the ability of SREINet to “reac-
tivate” candidate functions provides a crucial error-correction
buffer that traditional static thresholding methods lack.

IV. CONCLUSION

Discovering governing equations of high-dimensional sys-
tems from data is of interest for engineering and physics
applications as it enables the extraction of interpretable mod-
els without prior knowledge of the underlying physics. Unlike
black-box models of NNs, interpretable models offer in-
sights into the internal dynamical mechanisms of the system
to facilitate prediction, monitoring, and control. For high-
dimensional dynamical systems, the curse of dimensionality
leading to an exponential increase of searching space or can-
didate functions becomes a major obstacle for data-driven
model or equation discovery. In spite of the tremendous inter-
est in finding the equations, most efforts to date were limited
to relatively low-dimensional dynamical systems or situations
where the available data are scarce.

Our present work addresses the curse of dimensionality
by articulating an interpretable machine-learning framework
with embedded sparsity, SREINet, for extracting the equa-
tions for high-dimensional dynamical systems described by a
large number of coupled ordinary differential equations. The
basic idea is to embed sparse regression into an inherently
interpretable neural network. A single neural network is used
to sequentially learn the sparse dynamics of each dimension,
followed by reconstructing the governing equations of the
original system. The reformulation of sparse regression with
an effective pruning method based on an S-shaped periodic
pruning profile to facilitate the learning of high-dimensional
dynamics reduces the space complexity. In particular, the
memory consumption and computational load can be reduced
by orders of magnitude for high-dimensional systems in com-
parison with conventional explicit-library equation-finding
formulations. Intuitively, resetting the pruning schedule pro-
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vides more opportunities to restart the pruning process from
a subspace closer to the optimal solution, thereby avoiding
the situation where the dominant term is accidentally pruned
during training. Our SREINet incorporating the S-shaped pe-
riodic pruning enables us to readily scale equation finding
to systems of over 100 dimensions on a single laptop. In
principle, with cloud computing, SREINet can be applied to
systems with more than 1000 dimensions.

We tested SREINet on a number of high-dimensional sys-
tems arising from climate science and complex networks.
These benchmarks are challenging for conventional equation-
finding methods because of their high dimensionality and the
associated large data volume. The learned governing equa-
tions accurately capture the coherent structures, highlighting
the capability of our framework in discovering physical so-
lutions in spatiotemporal dynamics. Besides the ability to
handle high dimensions, SREINet can tolerate noise levels up
to 10% across all dimensions. In comparison with MANDy,
SREINet is advantageous for big datasets by statistically
maintaining a constant wall-clock time, which is particularly
suitable for applications with big data. Our dimensionwise
training scheme enables parallel training of multiple dimen-
sions. In addition, SREINet is capable of handling large
datasets because of the use of minibatch training. With the
increasing number of sensors deployed for scientific research
and industrial activities, this feature can make SREINet
advantageous relative to traditional sparse-regression formu-
lations. The head-to-head benchmarks further demonstrate
SREINet maintains relatively small coefficient and rollout
errors while recovering models whose symbolic complexity
remains close to the ground truth. These results highlight
SREINet’s ability to combine computational scalability, ro-
bustness to noise, and explicit recovery of parsimonious
governing equations.

SREINet has a number of limitations. For example, select-
ing an appropriate set of library functions remains a challenge.
Without suitable candidate functions, the framework may fail
to capture the true dynamics. A further limitation is the re-
quirement for full-state observability, a condition that is often
not satisfied in practice. For example, many available datasets
for high-dimensional systems, such as climate data and elec-
trophysiological recordings, often involve high-dimensional
latent processes, partial measurements, and unmeasured in-
puts, which present additional challenges for the application
of SREINet. SREINet solves a nonconvex optimization prob-
lem and, therefore, may converge to a local minimum without
carefully selected hyperparameters.

There are several directions for future research that stem
from the present work. First, the pruning method could be
improved by simplifying the hyperparameter-tuning process.
Currently, the parameters controlling the S-shaped pruning
curve must be tuned jointly with other training hyperparam-
eters (e.g., learning rate, batch size), making the process
time consuming. Future work could investigate principled
guidelines for selecting these parameters to reduce tuning
complexity. Second, while we have demonstrated that the
resetting mechanism of S-shaped pruning can significantly
improve the convergence, a formal analysis is needed to
understand the convergence and robustness of this pruning
method. Third, although the integration with adaptive stochas-

tic gradient descent optimizer makes SREINet scale with
data size, the available data are scarce for many scientific
problems. It is worthwhile to study the performance of
SREINet by applying second-order optimizers for scarce data.
We also note that SREINet admits nonunique weight-level op-
tima, while coefficient reconstruction preserves equation-level
consistency; a formal analysis of this optimization geome-
try is left for future work. Finally, successful identification
of governing equations requires that the training data cover
sufficiently informative regions of the state space. In systems,
where trajectories are concentrated near a low-dimensional
attractor or synchronized manifold, such as strongly synchro-
nized oscillator networks, it can be difficult to distinguish
candidate functions without sufficiently diverse trajectories
or initial conditions. A potential direction is to study dy-
namical noise, which may aid model discrimination by
driving trajectories away from low-dimensional attractors or
synchronized manifolds when its magnitude is appropriate
[64,65].

In addition, it is possible to extend SREINet to handle ra-
tional nonlinearity. This can be done either through the lifting
layer or directly injecting rational functions at the neurons.
Beyond the matrix-based formulation, the parameters of these
rational functions can also be trainable, allowing for learning
not only the coefficients but also candidate functions. How-
ever, this modification could make the problem more complex.
Therefore, new training schemes should be developed to en-
sure convergence. It is also possible to adapt SREINet for
network inference by using known or estimated connectivity
to impose structured masks on learnable interaction paths,
in the spirit of topology-informed reservoir-computing ap-
proaches [66]. Another potential direction is to follow the
approach of Refs. [67,68], where rational functions can be
reformulated by multiplying their denominators to the right-
hand side. This transforms rational terms into multiplicative
forms compatible with the SREINet framework. However,
this approach will lead to a null-space optimization problem.
Although Ref. [68] has proposed bypassing this problem by
iteratively designating a candidate function on the left-hand
side until the best fit is achieved, it remains computation-
ally prohibitive and difficult to scale for high-dimensional
problems. We believe that a new training scheme should
be developed to tackle this problem. Furthermore, while
the triple-pendulum example demonstrates SREINet’s ability
to identify a generalizable model even when the candidate
library lacks critical terms, investigating whether such dis-
covered models can be effectively integrated into downstream
control applications remains a promising future direction.
Finally, extending SREINet to discover and predict spatiotem-
poral phenomena modeled by partial differential equations is
another yet timely direction for future research. All the above
are under consideration, and results will be reported in forth-
coming publications.
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